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2]WRSDQG$EX1DGD>@KDYHGLVFXVVHGKHDWDQGPDVVWUDQVIHUFKDUDFWHULVWLFVRI$O2ZDWHU7L2ZDWHU
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ࢥ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IUDFWLRQRIQDQRSDUWLFOHVLVOHVVWKDQLQDWZRGLPHQVLRQDOFDYLW\7HUQLNHWDO>@H[DPLQHGWKHKHDWWUDQVIHU
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ࢥ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GLPHQVLRQDOFDYLW\7R WKHEHVWRI WKHDXWKRUV¶NQRZOHGJHQRVWXGLHVKDYHEHHQUHSRUWHG LQ OLWHUDWXUH WRVWXG\ WKH
LQIOXHQFHRIQDQRSDUWLFOHYROXPHIUDFWLRQRQ$O2±ZDWHUDQG$J±ZDWHUEDVHGQDQRIOXLGVRYHUDYHUWLFDOFRQH
WKURXJKSRURXVPHGLXPZLWKPDJQHWLFILHOGFKHPLFDOUHDFWLRQDQGKHDWJHQHUDWLRQDEVRUSWLRQ+HQFHWKLVSUREOHP
LVDGGUHVVHGLQWKLVDUWLFOH
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
ZKHUHSULPHGHQRWHVGLIIHUHQWLDWLRQZLWKUHVSHFWWRȘ7KHVLJQLILFDQWWKHUPRSK\VLFDOSDUDPHWHUVGLFWDWLQJWKHIORZ
G\QDPLFVDUHGHILQHGE\
ܰݎ ൌ ఉכሺథೢିథಮሻఉሺ்ೢ ି ಮ்ሻ ǡ ܭͳ ൌ 
ఔ೑
௞௔ ǡܴܽ ൌ 
௚ఉሺ்ೢ ି ಮ்ሻୡ୭ୱሺఊሻ
௔మ௫  ǡ ܥݎ ൌ
௄ೝ
௔ ǡ ܲݎ ൌ
ఔ೑
ఈ೑
ǡ ܯ ൌ ఙఉ೚మ௔ఘ೑ ǡ ܵܿ ൌ
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஺ଵ
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௔௫
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
4XDQWLWLHVRISUDFWLFDO LQWHUHVWLQWKLVSUREOHPDUHVNLQIULFWLRQFRHIILFLHQW ORFDO1XVVHOWQXPEHU1X[DQG
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WKHORFDO6KHUZRRGQXPEHU6K[ZKLFKDUHGHILQHGDV
ܥ௙ ൌ ଶఛೢఘ௎ಮమ ǡܰݑ௫ ൌ 
௫௤ೢ
௞ሺ்ೢ ି ಮ்ሻ݄ܵ௫ ൌ 
௫௃ೢ
஽࡮ሺ஼ೢି஼ಮሻ       
7KHVHWRIRUGLQDU\GLIIHUHQWLDOHTXDWLRQV±DUHKLJKO\QRQOLQHDUDQGWKHUHIRUHFDQQRWEHVROYHG
DQDO\WLFDOO\7KHILQLWHHOHPHQWPHWKRG>@KDVEHHQLPSOHPHQWHGWRVROYHWKHVHQRQOLQHDUHTXDWLRQV
1XPHULFDOPHWKRGRIVROXWLRQ

7KHILQLWHHOHPHQWPHWKRG)(0LVVXFKDSRZHUIXOPHWKRGIRUVROYLQJRUGLQDU\GLIIHUHQWLDOHTXDWLRQVDQG
SDUWLDOGLIIHUHQWLDOHTXDWLRQV7KHVWHSVDQGSURFHGXUHLQYROYHGLQWKHILQLWHHOHPHQWDUHDVIROORZV

)LQLWHHOHPHQWGLVFUHWL]DWLRQ
,QWKHILQLWHHOHPHQWGLVFUHWL]DWLRQWKHHQWLUHLQWHUYDOLVGLYLGHGLQWRDILQLWHQXPEHURIVXELQWHUYDOVDQGWKLV
VXELQWHUYDOLVFDOOHGDQHOHPHQW7KHVHWRIDOOWKHVHHOHPHQWVLVFDOOHGWKHILQLWHHOHPHQWPHVK

*HQHUDWLRQRIWKHHOHPHQWHTXDWLRQV
9DULDWLRQDOIRUPXODWLRQRIWKHPDWKHPDWLFDOPRGHORYHUWKHW\SLFDOHOHPHQWDQHOHPHQWIURPWKHPHVKLV
SHUIRUPHG$QDSSUR[LPDWHVROXWLRQRIWKHYDULDWLRQDOSUREOHPLVDVVXPHGDQGWKHHOHPHQWHTXDWLRQVDUHPDGHE\
VXEVWLWXWLQJWKLVVROXWLRQLQWKHDERYHV\VWHP8VLQJLQWHUSRODWLQJSRO\QRPLDOVWKHVWLIIQHVVPDWUL[LVFRQVWUXFWHG

$VVHPEO\RIHOHPHQWHTXDWLRQV
%\LPSRVLQJLQWHUHOHPHQWFRQWLQXLW\FRQGLWLRQVDOOWKHDOJHEUDLFHTXDWLRQVDUHDVVHPEOHG7KLVUHVXOWD
ODUJHQXPEHURIDOJHEUDLFHTXDWLRQVFDOOHGJOREDOILQLWHHOHPHQWPRGHODQGLWUHSUHVHQWVWKHZKROHGRPDLQ

,PSRVLWLRQRIERXQGDU\FRQGLWLRQV
7KHERXQGDU\FRQGLWLRQVZKLFKUHSUHVHQWWKHIORZPRGHODUHLPSRVHGRQWKHDVVHPEOHGHTXDWLRQV

6ROXWLRQRIDVVHPEOHGHTXDWLRQV
7KHDVVHPEOHGHTXDWLRQVVRREWDLQHGFDQEHVROYHGE\DQ\RIWKHQXPHULFDOWHFKQLTXHVQDPHO\WKH*DXVV
HOLPLQDWLRQPHWKRG /8 GHFRPSRVLWLRQ PHWKRG HWF  $Q LPSRUWDQW FRQVLGHUDWLRQ LV WKDW RI WKH VKDSH IXQFWLRQV
ZKLFKDUHHPSOR\HGWRDSSUR[LPDWHDFWXDOIXQFWLRQV

5HVXOWVDQGGLVFXVVLRQ

 7KHV\VWHPRI(TQV±WRJHWKHUZLWKWKHERXQGDU\FRQGLWLRQVDUHVROYHGIRUGLIIHUHQWYDOXHV
RIWKHSDUDPHWHUVWKDWGHVFULEHWKHIORZFKDUDFWHULVWLFVDQGWKHUHVXOWVDUHLOOXVWUDWHGJUDSKLFDOO\IURP)LJV±
7KHPDLQ DLP RI WKH SUHVHQW VWXG\ LV WR GLVFXVV WKH KHDW DQG PDVV WUDQVIHU FKDUDFWHULVWLFV RYHU D FRQHZLWK KRW
VXUIDFH&RPSDULVRQZLWKSUHYLRXVO\SXEOLVKHGZRUNLVPDGHDQGLVVKRZQLQWDEOH

7KH HIIHFW RI PDJQHWLF ILHOG SDUDPHWHU 0 RQ WKH YHORFLW\ WHPSHUDWXUH DQG FRQFHQWUDWLRQ SURILOHV DUH
GHSLFWHG LQ )LJV    IRU ERWK $O2 ± ZDWHU DQG $J ± ZDWHU EDVHG QDQRIOXLGV 7KH YHORFLW\ SURILOHV LPSHGH
WKURXJKRXWWKHERXQGDU\OD\HUZLWKWKHLQFUHDVHLQWKHVWUHQJWKRIPDJQHWLFSDUDPHWHULQWKHERWK$O2±ZDWHUDQG
$J±ZDWHUQDQRIOXLGV7KLVLVGXHWRWKHIDFWWKDWWKHSUHVHQFHRIDPDJQHWLFILHOGLQWKHIORZFUHDWHVDIRUFHNQRZQ
DV WKH /RUHQW] IRUFH ZKLFK DFWV DV D UHWDUGLQJ IRUFH DQG FRQVHTXHQWO\ WKHPRPHQWXP ERXQGDU\ OD\HU WKLFNQHVV
GHFHOHUDWHVWKURXJKRXWWKHIORZUHJLRQ)LJ:HGHILQHWKHWKHUPDOHQHUJ\DVWKHDGGLWLRQDOIRUFHZKLFKGUDJVWKH
QDQRIOXLG IURP WKH LQIOXHQFH RI WKH PDJQHWLF ILHOG 7KLV DGGLWLRQDO IRUFH LQFUHDVHV WKH WKLFNQHVV RI WKH WKHUPDO
ERXQGDU\OD\HUVRWKDWWKHWHPSHUDWXUHSURILOHHQULFKHVZLWKULVHLQ0)URP)LJZHQRWLFHWKDWDVWKHYDOXHRI0
LQFUHDVHVWKHFRQFHQWUDWLRQGLVWULEXWLRQVDUHDOVRHQULFKHGLQWKHIORZUHJLPHIRUWKHERWKQDQRIOXLGV

7KH WHPSHUDWXUH DQG FRQFHQWUDWLRQ GLVWULEXWLRQV IRU YDULRXV YDOXHV RI WKH PL[HG FRQYHFWLRQ SDUDPHWHU 5D DUH
VKRZQLQ)LJV,WLVDQDO\VHGWKDWERWKWHPSHUDWXUHDQGFRQFHQWUDWLRQSURILOHVLQWKHERWK$O2±ZDWHUDQG$J
±ZDWHUQDQRIOXLGVLPSHGHVZLWKLQFUHDVLQJYDOXHVRIPL[HGFRQYHFWLRQSDUDPHWHU5D7KLVLVEHFDXVHRIWKHIDFW
WKDWPL[HGFRQYHFWLRQSDUDPHWHU LVPRUHGRPLQDQWDVFRPSDUHG WR WKHEXR\DQF\UDWLRSDUDPHWHUVR WKDW WKHUH LV
UHWDUGDWLRQ LQ WKH WKLFNQHVV RI WKHUPDO DQG QDQRSDUWLFOHV FRQFHQWUDWLRQ ERXQGDU\ OD\HUV )LJXUHV    GHSLFW
WHPSHUDWXUH șDQGFRQFHQWUDWLRQ 6GLVWULEXWLRQV IRUGLIIHUHQWYDOXHVRI WKHEXR\DQF\ UDWLRSDUDPHWHU 1U7KH
WHPSHUDWXUHSURILOHVLQWKHERWKQDQRIOXLGVLQFUHDVHVZLWKLQFUHDVLQJYDOXHVRIWKHEXR\DQF\UDWLRSDUDPHWHU7KLVLV
IURP WKH UHDOLW\ WKDW KLJKHU WKHYDOXHVEXR\DQF\ UDWLRSDUDPHWHU HQKDQFHV WKH IOXLGV WHPSHUDWXUH VR WKDW WKHUPDO
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ERXQGDU\OD\HUWKLFNQHVVLVLQFUHDVHG)LJ7KHFRQFHQWUDWLRQSURILOHVDOVRHQKDQFHVWKURXJKRXWWKHIOXLGUHJLRQ
IRU GLIIHUHQW LQFUHDVLQJ YDOXHV RI EXR\DQF\ UDWLR SDUDPHWHU 1U 7KLV LV EHFDXVH RI WKH IDFW WKDW QDQRSDUWLFOHV
FRQFHQWUDWLRQERXQGDU\OD\HUWKLFNQHVVLQWKHERWK$O2±ZDWHUDQG$J±ZDWHUQDQRIOXLGVHOHYDWHVZLWKLQFUHDVLQJ
YDOXHVRI1U)LJ)LJXUHVVKRZVWHPSHUDWXUHșDQGFRQFHQWUDWLRQGLVWULEXWLRQVIRUGLIIHUHQWYDOXHVRI
WKH QDQRSDUWLFOH YROXPH IUDFWLRQ SDUDPHWHU ߶ IRU ERWK$O2 DQG$J± ZDWHU QDQRIOXLGV 7KH WHPSHUDWXUH DQG
FRQFHQWUDWLRQGLVWULEXWLRQVGHFHOHUDWHZLWK WKH LQFUHDVLQJYDOXHVRI ߶ LQ WKHERWK$O2±ZDWHUDQG$J±ZDWHU
QDQRIOXLGV7KLVPHDQVWKDWWKHWKLFNQHVVRIERWKWKHUPDODQGVROXWDOERXQGDU\OD\HUVLVUHGXFHGLQWKHIOXLGUHJLPH
7KHWHPSHUDWXUHDQGFRQFHQWUDWLRQGLVWULEXWLRQVIRUWKHYDULRXVYDOXHVRI3UDQGWOQXPEHU3UDUHVKRZQLQ)LJV
DQG7KH WHPSHUDWXUHSURILOHVGHFUHDVHZLWKKLJKHU3UDQGWOQXPEHUYDOXHV LQ WKHERWKQDQRIOXLGV)LJ:H
REVHUYH IURP)LJ WKDWZLWK LQFUHDVH LQ WKHYDOXHVRI3UDQGWOQXPEHU OHDGV WRDQ LQFUHDVH LQ WKHFRQFHQWUDWLRQ
SURILOHVLQWKHERWK$O2±ZDWHUDQG$J±ZDWHUEDVHGQDQRIOXLGV7KLVLVGXHWRWKHIDFWWKDWWKHVROXWDOERXQGDU\
OD\HUWKLFNQHVVLVLQFUHDVHGZLWKWKHHQKDQFHPHQWLQWKHYDOXHVRI3U
7KHWHPSHUDWXUHSURILOHVRIWKH$O2±ZDWHUDQG$J±ZDWHUQDQRIOXLGVIRUGLIIHUHQWYDOXHVRIWKHVSDFH
GHSHQGHQWDQGWHPSHUDWXUHGHSHQGHQWFRHIILFLHQWV$DQG%IRUKHDWDVRXUFHVLQNDUHGHSLFWHGLQ)LJV,WLV
REVHUYHG WKDW WHPSHUDWXUH LQ WKH WKHUPDO ERXQGDU\ OD\HU LQFUHDVHV ZLWK LQFUHDVH LQ $DQG % SRVLWLYH YDOXHV
ZKHUHDV WKH WKHUPDO ERXQGDU\ OD\HU WKLFNQHVV GHFHOHUDWHV ZLWK WKH GHFUHDVH LQ WKH KHDW DEVRUSWLRQ SDUDPHWHUV
$DQG%QHJDWLYHYDOXHV7KLVLVGXHWRWKHIDFWWKDWZLWKDQLQFUHDVHLQ$!%!KHDWVRXUFH WKHERXQGDU\
OD\HUFUHDWHVHQHUJ\ZKLFKFDXVHVWKHULVHLQWKHWHPSHUDWXUHSURILOHVZKHUHDVZLWKDGHFUHDVHLQ$%KHDW
DEVRUSWLRQ WKHERXQGDU\ OD\HU DEVRUEV WKH HQHUJ\ VR WKDW WKH WKHUPDOERXQGDU\ OD\HU WKLFNQHVVGHFUHDVHV LQ WKH
IOXLGUHJLPH)LJXUHLOOXVWUDWHWKHHIIHFWRIWKHFKHPLFDOUHDFWLRQSDUDPHWHU&URQWKHFRQFHQWUDWLRQGLVWULEXWLRQV
IRUERWK$O2±ZDWHUDQG$J±ZDWHUQDQRIOXLGV:HVHHIURPWKLVILJXUHWKDWWKHFRQFHQWUDWLRQSURILOHVDUHKLJKO\
LQIOXHQFHGDQGLPSHGHVZLWKWKHFKHPLFDOUHDFWLRQSDUDPHWHULQWKHIORZUHJLRQ
7KHYDOXHVRIWKHVNLQIULFWLRQFRHIILFLHQWെ݂ᇱᇱሺͲሻORFDO1XVVHOWQXPEHUሺെߠᇱሺͲሻሻǡDQGORFDO6KHUZRRG
QXPEHUሺെ߶ᇱሺͲሻሻIRUERWK$O2±ZDWHU DQG$J±ZDWHU QDQRIOXLGV DUH FDOFXODWHG DQG SUHVHQWHG LQ WDEOH ,W LV
HYLGHQW WKDW WKH ORFDO VNLQIULFWLRQ FRHIILFLHQW HQKDQFHVZKHUHDV GLPHQVLRQOHVV KHDW WUDQVIHU UDWHV GHFUHDVH LQ WKH
ERWK$O2±ZDWHUDQG$J±ZDWHUEDVHGQDQRIOXLGVZLWKLQFUHDVLQJYDOXHVRIWKHPDJQHWLFILHOGSDUDPHWHU0$OVR
WKHGLPHQVLRQOHVVPDVVWUDQVIHUUDWHVGHFHOHUDWHLQWKHERWKQDQRIOXLGVZLWKLQFUHDVLQJYDOXHVRI0,WLVIRXQGWKDW
WKHUDWHVRIKHDWWUDQVIHUDQGPDVVWUDQVIHULQFUHDVHVLQWKHERWK$O2±ZDWHUDQG$J±ZDWHUEDVHGQDQRIOXLGVEXW
UHVHUYH WUHQG LV REVHUYHG LQ VNLQIULFWLRQ FRHIILFLHQW ZLWK WKH LQFUHDVLQJ YDOXHV RI QDQRSDUWLFOH YROXPH IUDFWLRQ
SDUDPHWHU ࢥ ,W LV UHSRUWHG WKDW UDWHV RI YHORFLW\ GHSUHFLDWHV ZKHUHDV GLPHQVLRQOHVV KHDW WUDQVIHU UDWHV DQG PDVV
WUDQVIHUUDWHVULVHVLQWKHERWKQDQRIOXLGVZLWKLQFUHDVLQJYDOXHVRIFKHPLFDOUHDFWLRQSDUDPHWHU&U,WLVDOVRQRWHG
IURP WKLV WDEOH WKDW VNLQIULFWLRQ FRHIILFLHQW LPSHGHV EXW ERWK KHDW DQG PDVV WUDQVIHU UDWHV HVFDODWHV ZLWK WKH
LQFUHDVLQJ YDOXHV RI FRQYHFWLRQ SDUDPHWHU 5D LQ WKH ERWK QDQRIOXLGV 7KH YDOXHV RI VNLQIULFWLRQ FRHIILFLHQW
HVFDODWHKRZHYHUUDWHVRIKHDWDQGPDVVWUDQVIHUGHFUHDVHVZLWKWKHKLJKHUYDOXHVRIEXR\DQF\UDWLRSDUDPHWHU1U


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

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
)LJ(IIHFWRIܯRQ&RQFHQWUDWLRQSURILOHV


)LJ(IIHFWRIܴܽRQ7HPSHUDWXUHSURILOHV



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
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


)LJ(IIHFWRIܰݎRQ&RQFHQWUDWLRQSURILOHV


)LJ(IIHFWRI߶RQ7HPSHUDWXUHSURILOHV
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